in their studies of extensions with various analytic or topological properties. In particular Titus [6] has given necessary and sufficient conditions that a normal representation have a light open extension to the disk. The methods developed by Titus are brought to bear in this paper on a related problem; an algorithm is given that yields necessary and sufficient conditions for a pair of normal curves to have a light open extension to the annulus.
1. Introduction. A mapping ô of an oriented one-dimensional manifold J into the complex plane E2 is called a representation; if ô possesses a continuous nonvanishing tangent ô', then ô is called a regular representation. An image point S0 of a regular curve ô is a vertex if there exist exactly two distinct points x and y such that ô(x) = 8(y) = ô0 and if the tangents <5'(x) and ô '(y) axe linearly independent. A regular curve is normal if it has a finite number of vertices and every other image point has but one pre-image. Two representations (regular representations) ó and e axe equivalent if there exists a sense-preserving homeomorphism (b: J-*J such that e = ô o (b (and (j>' is continuous and nonvanishing). A regular {normal) curve is then defined to be an oriented curve with a regular (normal) representation.
Suppose D is an open subset of a two-dimensional manifold and D is bounded by the Jordan curves Jx,J2,---,Jn.
Let <5¡ be a representation on J¡ for i = 1,■■-,n. A continuous function / from D into £2 is called an extension of 8X, •••,Sn to D if f\ Ji = ôi for i = 1,•■•,«. Much of the work on extensions has been done for the class of normal curves [5] , [9] , [10] . A possible reason for this is that well developed combinational tools are available. These tools have been used by Heins and Morse [1] , Morse [2] , Titus [4] , [6] and Titus and Young [7] in their studies of extensions with various analytic or topological properties. In particular Titus [6] has given necessary and sufficient conditions that a normal representation have a light open extension to the disk. The methods developed by Titus are brought to bear in this paper on a related problem; an algorithm is given that yields necessary and sufficient conditions for a pair of normal curves to have a light open extension to the annulus.
2. Preliminaries. The notation used is essentially that used in [6] . For convenience a summary of the notation and results of [6] is given in this and the following section.
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In what follows ô will be a representation of a closed curve. Let [<5] denote the point set consisting of image points of ô. Let w(ô, p) be the index of <5 about a point p not in [ô] .
The outer boundary of ô will be the subset of [ô] which is contained in the closure of the unbounded component of the complement of [<5]; an outer point p is a point on the outer boundary such that p has but one pre-image. For normal ô and any nonvertex p one can define w+ (ô,p) and w~(ô,p) as the larger and smaller winding numbers of points p' near p but not on [<5] . An outer point p is positive
Let ö be normal and let <5(0) be an outer point where ô is given by the complexvalued function ô(t) = a(t) + ib(t) with t the usual angle parameter, Oz^t <2n. Index the n vertices in the natural way by traversing the curve with increasing t and using consecutively the integers 0,1,
The 2n pre-images of the vertices will be denoted by the lower case Roman equivalent of the Greek letter denoting the curve and they will be indexed so that 0 < d0 <dy < •■• < d2"_, < 2tz. Denote d¡ also by d* if 6(df) = ô(dk) for j # k; thus, ô(dk) = ô(dk) for all k. Define the function v by
For a normal <5 with p = ¿(0) a positive outer point, the intersection sequence of ô with respect to p is defined by the sequence {dk}, the values of d* and the values of v(/c) for each k. A pair of normal representations ô and s have isomorphic intersection sequences if they have the same number of vertices, d* = dk if ef=ek, and v(dt) = v(et). If two representations have isomorphic intersection sequences and one has an extension with certain topological properties, so will the other, as can be seen from the following theorem :
Theorem [6, p. 49] . Let ö be a normal representation defined on a Jordan curve D; let e be normal and defined on the Jordan curve E. Suppose that each curve has a positive outer point and the curves have isomorphic intersection sequences. Then there exists a sense-preserving homeomorphism h of E2 onto E2 taking D onto E such that eh = ô ijuxtaposition denotes function composition).
Thus, for our purposes two representations with isomorphic intersection sequences are interchangeable. [3] , [11, p. 88] which states that if/ is properly [October interior on D, then at each point p of D there exists a closed two-cell neighborhood of p on which / is topologically equivalent to w = z" on the unit disk for some positive integer n.
A regular representation which has a properly interior extension to the disk is an interior boundary. The necessary and sufficient conditions given in [6] that a normal curve be an interior boundary are outlined in this section.
We have required that interior boundaries have sense-preserving light open extensions. It is well known that such representations have non-negative circulation ; hence, the "cut" process described below only considers such representations. It will be necessary in §5 to use the "cut" process for representations with nonpositive circulation; however, it will be apparent what adjustments should be made.
Suppose then that 8 is a normal representation of a closed curve with nonnegative circulation. For such representations, v(c/0) = 1. Since v(i/*) = -v(d0) = -1, there is some index j such that v(j) = -1 ; let fc be the smallest such index. One then has the following cases : (I) d* < dk, (II) dk<df; in the latter case one has for each j<k the subcases: (II'(j)) dj<dk<d*<df, (II"(j)) dj<dk<d*<dk.
For each fc and j chosen as above (j is chosen only in case II) a "cut" will be defined. Each "cut" will lead to a pair of normal representations to be used as criteria for deciding if 8 is an interior boundary.
Suppose 8 and e are representations and x = 8(p) and y = 8(q) are two points such that p < q. Denote by 8(p) 8(q) the representation obtained by restricting 8 to p ^ t ^ q. If x and y each have only one pre-image, then xy(8) or xy will also be used to denote this representation. Let -8 be the representation gotten by tracing 8 in the opposite direction. Consistent with this notation 8(q)8(p) ( -8) traces from 8(q) to 8(p) via -8. We shall use ap(8) + pb(s) to denote the representation ap(8) followed continuously by pb(e), where p is in [á] and [e] .
Given normal 8 define the representations 8* and 8** as follows (see Figures   2 , 3, 4 of [6, pp. 51-52] ):
Case II'(j).
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In all cases ô is an interior boundary if and only if ô* and Ô** are. Since <5* and <5** are not normal, they are modified to normal representations mod<5* and modo** [6, p. 55 and p. 57]. The modifications are done so that ö is an interior boundary if and only if mod<5* and moda** are interior boundaries, moda* and mod ô** are normal and mod<5* and modo** have strictly less vertices than <5. In a finite number of steps the representation ô can be "cut" into Jordan curves so that ô is an interior boundary if and only if all the Jordan curves are interior boundaries, i.e., positively oriented.
4. An arc-lifting theorem. Theorem 1 will be a useful tool in the next section. In this section a Jordan curve J on an orientable two-dimensional manifold will be an oriented simple closed curve that bounds a two-cell. The two-cell bounded by J will be denoted by Ins J. Jordan curves will be ordered by picking a fixed starting point and ordering the curve by positive traversal. (0) is an interior boundary for some i and j, I z% i ^ m, I zij z% n.
(2) Suppose e has nonpositive circulation and e has a cut of Type I at er = e(ek) with e* <ek. Then either (a) there is a point p in[ô]r,[£(ek)e(ek)]such that C is an interior boundary for some n, 0 ^ n ^ w+ (Ô, p) + w+ ( -e,p) , where (° = <5(0)p + pe(ek) + e(ek)e(ek)( -e) + s(ek)p( -¿) + po(0) and £ " = b(0)p + ps(ek) + I?.,s(e*k)s(ek) + e(ek)s(ek)( -e) + T,"=Xek)s(ek*)( -e) + s(ek)p( -e) + p<5(0).
(b) e* represents a negatively oriented Jordan curve and (ô,e**) is an aboundary. (0) is an interior boundary for some i, 1 ;£ i ;S m; (c) -£* is an interior boundary and (<5,e**) is an a-boundary; (d) -e** is an interior boundary and (ô,e*) is an a-boundary.
Necessity proof. Let / be a properly interior extension of (ô, e) on À. Suppose e has some points of positive circulation and let p, q, the a¡, and the b¡ be as in (1) of the theorem. Let e = u(t) + iv(t) and ep = a(t) + ib(t) be parametrized on Cy so that the pre-image of b¡ under s and ep is t¡, lz%i^n. Define (7,by u'it) 
Let ep be ordered as it increases from p to q; assume b¡ ^ b¡ if and only if i í£ j. Since q is in the unbounded component of £2 -[ô] -[s], w(e,g) = 0; thus 2" = i er¡ = wie, p) [5, Lemma 2, p. 1085] . By hypothesis, this last quantity is strictly positive. For each j such that a¡ = 1, Theorem 1 can be applied at t¡, yielding an arcB^ with end points t3 and x¡ and which maps into [bjq (ep) ]. If x¡ were in A, then x¡ would map onto q. This is not possible, since no point of A can map into the unbounded component of E2 -[ô] -[s] under a properly interior mapping; thus, x¡ is in Cy or C2. If x¡ is in Cy, then x¡ = tk for some k and crk = -I. If every x¡ is in Cy, then there are at least as many crk = -1 as Oj = I. This contradicts the fact that Z!"=iff; > 0; hence, some Xj is in C2 and f(Xj) = a¡ for some i, 1 ^ i ^ m. Suppose D and g axe defined as in the proof of Lemma 5.1 and W = {z| 1 < |z| < 4}. By composing/ with an appropriate homeomorphism of W onto the domain of/, we may assume that the domain of / is W and Bj = {z 11 < | z | < 4, argz = 0}. The mapping fg is properly interior on D and extends the curve Ç'J of (1) .
Suppose £ has nonpositive circulation and s has a cut of Type I at some sr = e(ek). By definition of a Type I cut, v(ek) = + 1 with e* < ek. Recall that e* = s(e*)s(ek); e* represents a negatively oriented Jordan curve [6, Lemma 5, p. 53] . Choose p on [e*] with p ^ er. Since v(ek) = + 1, by Theorem 1 there is an arc L\ with end point at e* which maps into [pe(efc)(e)]. If the other end point z of L'x is not in Ä -A, then f(z) =0. Again by Theorem 1, there must be an arc Lx with end point at z which maps into [s(e*)p(e)]. Let Lt = L{ U L/'. If the other end point x of Lx is in/I, we apply this process again, obtaining an arc L2 with one end point at x and which maps into [e*]. The process must terminate after a finite number of steps since properly interior mappings are finite-to-one. Thus there exists an axcK = Lx U L2 U ••■ U Ls where each L, maps onto the Jordan curve determined by e* for 1 Sj i < s. One end point of K is e* ; the other, y, is either in C, or C2.
If y is in C2, define IF, D, and g as before. Assume the domain of / is W and K = {z| 1 < |z| < 4, argz = 0}. Then fg is a properly interior extension of £5-1 in (2a). For each L¡, there must be points near Lt mapping onto points near p = f(y). The number of pre-images of a point p' not in [ó] or [e] is w(8,p') + w( -s,p') [2, p. 72] . If p' is near p, then w(8,p')^w+(8,p) and w( -e, p') ;£ w+ ( -e, p). Thus s -1 ^ w+ (5, p) + w +( -s, p). If y is in Cy, y = ek since / is a local homeomorphism on Cv Let J be the positively oriented Jordan curve determined by K and V = {t in Cx\e* ^ t ^ ek} and let J' be the positively oriented Jordan curve determined by K and Cx -V. Either InsJ is contained in A or Ins J contains the points of Cx -V. Suppose by way of contradiction that the latter case occurred. Let T be the unit circle, let Ux = {z in Ins T | Im z > 0}, and let U2 = {z in Ins T | Im z < 0}. There exists a homeomorphism h on £72UT such that h(T)= -Cx, h(BdxyUx)=-J, h(U2) = lnsJ', and h is sense-preserving on U2. Themapping//i is light open on U2. Since / maps J onto a negatively oriented Jordan curve, fh maps Bdry L^ onto a positively oriented Jordan curve; thus, on Bdry Ux, fh is topologically equivalent to w = zs+1 [11, Theorem 4.3, p. 86] . Define fh to be topologically equivalent to w = zs+1 on Dx ; then fh is light open on Ins T [8, Theorem 9, p. 336] . Since //i| T =/| -Cy = -s, the curve -e is an interior boundary. This is contrary to hypothesis; thus InsJ is contained in A.
On J the mapping / is topologically equivalent to w = zs+1 on the unit circle [11, Theorem 4.3, p. 86] ; hence, / can be defined on J u InsJ to be topologically equivalent to w = zs+1 on the unit disk. [8, Theorem 9, p. 336] , The mapping fh'1 is a properly interior extension of (ô, e**); thus (Ô, e**) is an a-boundary. Since e* describes a negatively oriented Jordan curve, -£* is an interior boundary. This gives case (2b).
Suppose e has nonpositive circulation and £ has a cut of Type II at some cr = e(ek). Select k to be the smallest integer such that v(ek) = 1. Let ep be a representation as described in (3b) There exists a mapping /ij from ^4/ to ^4 such that /i is a homeomorphism on
Ày -X -Y, on X, and on F; also, fe^X) = hy(Y) = R. Let L = {z |0 ^ \z\ gl, z imaginary} and let 1/ be the domain bounded by X, Y, and L. There exists a mapping h2 properly interior on 0, except at z = 1, which maps L onto [e*] and suchthat h2\X =fhy\X and h2\Y =fh2\ Y. Define k on ¿, U 0 by /i | c7 = /j2, /j |vi1 = fhx. Then /i is a properly interior extension of (<5,e). Suppose that (3c) holds and e has a cut of Type IF (j) or Type II" (j) at er. The arcT = [E(ej)er(e)] is traced in opposite directions by e* and e**; hence, in the same direction by -s* and e**.
Let Ax, X, Y, and U be defined as before. Choose / a properly interior extension of (8,e**) on Äx. Let V «■ X U Y and suppose without loss of generality that F is the arc mapped onto T by /. Since -e* is an interior boundary which traces T in the same direction as /| V, there exists a properly interior extension g of -e* on U such that V is mapped onto T. Define h on À y U D by h | ,4/ = / and h | D = g.
Then /i is properly interior on ,4/ U L7 and extends (<5,e).
The proof for (3d) is similar. Proof. Choose / a properly interior extension of (8,e) on A. There exists a homeomorphism h on A topologically equivalent to 1/z on {z j 1 g z ^ 2} such that h|Cx = -C2 and h\C2= -Cy. The mapping fh extends ( -s, -8) .
